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Abstract: In various dimensional euclidean lattice gauge theories, we examine a com-
patibility of the Majorana decomposition and the charge conjugation property of lattice
Dirac operators. In 8n and 1+8n dimensions, we find a difficulty to decompose a classical
lattice action of the Dirac fermion into a system of the Majorana fermion and thus to
obtain a factrized form of the Dirac determinant. Similarly, in 2 + 8n dimensions, there
is a difficulty to decompose a classical lattice action of the Weyl fermion into a system
of the Majorana-Weyl fermion and thus to obtain a factrized form of the Weyl determi-
nant. Prescriptions based on the overlap formalism do not remove these difficulties. We
argue that these difficulties are reflections of the global gauge anomaly associated to the
real Weyl fermion in 8n dimensions. For this reason (besides other well-known reasons), a
lattice formulation of the N = 1 super Yang-Mills theory in these dimensions is expected
to be extremely difficult to find.
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1. Introduction
In d dimensional Minkowski spacetime, when d = 0, 1, 2, 3, 4 mod 8, it is possible to define
Majorana fermions by imposing the Majorana reality condition on the Dirac fermion. Also,
when d = 2 mod 8, it is possible to impose the Majorana condition on the Weyl fermion
to define Majorana-Weyl fermions. In these dimensions, Majorana and Majorana-Weyl
fermions form an irreducible spinor representation of the Lorentz group and, for this reason,
these fermions are fundamental in field theories in lower and higher dimensions, especially
in supersymmetric ones. In this paper, we study a possibility to formulate these degrees
of freedom in euclidean lattice gauge theory. We take the Wilson-Dirac operator [1] and
the overlap-Dirac operator [2] and examine a compatibility of the euclidean Majorana
decomposition and the charge conjugation property of these lattice Dirac operators.1
1We take the Wilson-Dirac operator because it is the simplest Dirac operator which represents a single
Dirac fermion and the overlap-Dirac operator because of its virtue concerning the chiral symmetry. A
similar analysis could be performed for the Dirac operator in the perfect action approach [3].
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Let us first explain what we mean by Majorana and Majorana-Weyl fermions in an
euclidean theory by illustrating how the euclidean Majorana decomposition works in unreg-
ularized continuum theory. If one switches the lorentzian signature to the euclidean one, the
Majorana reality condition cannot be imposed in an SO(d) invariant manner, when d = 3,
4 mod 8, and the Majorana-Weyl condition cannot be imposed when d = 2 mod 8. Instead
imposing these conditions in euclidean theory, one can define Majorana and Majorana-
Weyl degrees of freedom in the following way. This prescription corresponds to, in a level
of the functional integral, the prescription of ref. [4].2 Take the Dirac fermion defined by
the action
S =
∫
ddxψ(x)γµDµψ(x) , (1.1)
where Dµ = ∂µ + A
a
µR(T
a) is the covariant derivative with respect to a gauge-group
representation R. For Majorana fermions to be defined, the representation matrix R(T a)
must be real, R(T a)∗ = R(T a) = −R(T a)T , and this will be assumed throughout this
paper when considering Majorana and Majorana-Weyl fermions. See appendix A for our
convention on gamma matrices. We then introduce the Majorana decomposition by
ψ =
1√
2
(χ+ iη), ψ =
1√
2
(χTB − iηTB) , (1.2)
where B denotes the charge conjugation matrix, either B1 or B2 in eq. (A.10) depending
on the dimension d; for d = 0, 1, 2, 3, 4 mod 8, we take, B1, B1, B1 or B2, B1 and B2,
respectively. From basic properties of the charge conjugation matrices, eqs. (A.4), (A.11)
and (A.16), one finds3
[BγµDµ(x, y)]
T = −BγµDµ(x, y) . (1.3)
Therefore, after substituting eq. (1.2) into eq. (1.1), one has
S =
∫
ddx
[
1
2
χT (x)BγµDµχ(x) +
1
2
ηT (x)BγµDµη(x)
]
. (1.4)
A system of the Dirac fermion is thus decomposed into two mutually independent systems,
each of which may be interpreted as representing a single Majorana fermion. We refer to
this type of decomposition as the Majorana decomposition. The functional integral over χ,
for example, then gives rise to the pfaffian Pf(BγµDµ) that may be regarded as the square-
root of the Dirac determinant det(γµDµ). It is also confirmed that for d = 5, 6, 7 mod 8,
for which there is no Majorana fermions in the Minkowski spacetime, neither B1 nor B2
satisfies eq. (1.3).4
When d is even, one can define the (left-handed) Weyl fermion by setting the chirality
constraint
P−ψ = ψ , ψP+ = ψ , P± =
1± γ
2
, (1.5)
2For a general treatment of spinors in euclidean theory, see ref. [5].
3In this expression, Dµ(x, y) = Dµδ
d(x − y) is the kernel of the covariant derivative in position space.
The transpose operation T acts also on position-space indices as x↔ y.
4For d dimensional Minkowski spacetime, when d = 2, 3 and 4 mod 8, the (single) Majorana fermion can
acquire a mass. The euclidean Majorana decomposition of the Dirac mass term mψ(x)ψ(x) works precisely
at these dimensions.
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d 2 3 4 5 6 7 8 9 10 11 12
Dirac © © © © © © © © © © ©
Majorana © © © — — — × × © © ©
Weyl △ — △ — △ — △ — △ — △
Majorana-Weyl × — — — — — — — × — —
Table 1: Euclidean lattice formulation of a single fermion in various dimensions d. We are not
interested in those entries filled by —. Entries with © can be formulated quantum mechanically
as well as classically. Entries with △ can be formulated at least classically; a consistency in the
quantum level must be examined separately. For entries with ×, we could not find even a “classical
level” formulation. The pattern repeats for d modulo 8.
in eq. (1.1). For d = 2 mod 8, one may further apply the Majorana decomposition (1.2)
with either use of B1 or B2, because P−χ = χ (or P−η = η) implies χ
TBP+ = χ
TB
(or ηTBP+ = η
TB) from the property of the charge conjugation matrices (A.6) in these
dimensions. Again, this consistent chirality for χ (or η) is possible only when d = 2 mod 8.
Then χ, for example, may be regarded as representing the Majorana-Weyl fermion. The
functional integral over χ results in the pfaffian Pf(BγµDµP−) that may be regarded as
the fourth-root of the Dirac determinant.
As we have observed, the Majorana decomposition works perfectly in unregularized
gauge theories. However, it is not obvious if it works also with non-perturbative regu-
larization, such as the lattice gauge theory. Results of our analysis in this paper can be
summarized as table 1. We will find, somewhat curiously, 8n, 1 + 8n and 2 + 8n dimen-
sions refuse the Majorana and the Majorana-Weyl decompositions, even if one allows a wide
class of “lattice modifications” of charge conjugation matrices and the chirality projection.5
Phenomenologically, what we will find is a conflict between the Majorana decomposition
and the charge conjugation property of lattice Dirac operators. An analogous phenomenon
has been known in 4 dimensional euclidean lattice theories [6, 7] as a conflict between chiral
invariant Yukawa couplings and the Majorana decomposition. The fact that CP symmetry
is not manifest [8, 9] in 4 dimensional lattice chiral gauge theories is also related to this
conflict.
The overlap-Dirac operator was originally discovered [10, 2] from the Dirac determinant
obtained by the overlap formalism [11]. In the context of the latter formalism, a definition
of Majorana and Majorana-Weyl fermions has been studied in ref. [12] and in ref. [13].
See also refs. [14, 10]. According to these analyses, many-body hamiltonians, from which
lowest-energy states in the overlap formalism are defined, are decomposed into two mutually
independent systems; this is analogous to the Majorana decomposition. We will illustrate,
however, this decomposition itself does not imply a factorized form (such as the pfaffian)
of the Dirac and the Weyl determinants obtained by the overlap formalism. The overlap
formalism does not remove the above difficulties.
5The d = 1 case is special: when the gauge-group representation is real, a lattice Dirac determinant is a
constant being independent of a gauge-field configuration. The partition function of the Majorana fermion
can be defined as the square-root of this constant.
– 3 –
J
H
E
P07(2004)038
Are these difficulties in 8n, 1+8n and 2+8n dimensions merely technical ones peculiar
to lattice Dirac operators that we have studied? We do not think so. We will argue that
these difficulties are reflections of the global gauge anomaly [15, 16] associated to Weyl
fermions belonging to a real representation in 8n dimensional gauge theories. This is inter-
esting because an elementary kinematical analysis in lattice formulation (that we will do)
indicates a subtle phenomenon in quantum theory, just like the species doubling can be re-
garded as a reflection of the chiral anomaly. Namely, in the lattice formulation, classical the-
ory and quantum theory are indistinguishable to some extent. On the other hand, this argu-
ment suggests that it is extremely difficult to avoid these difficulties of the Majorana and the
Majorana-Weyl decompositions in these dimensions, because they have a physical origin.
This paper is organized as follows. In section 2, the Majorana decomposition in even
dimensional spaces is considered. We find that 8n dimensions refuse the Majorana de-
composition, even if a wide class of “lattice modifications” of the charge conjugation
matrix is allowed. In section 3, the Majorana decomposition of Weyl fermions is ana-
lyzed. In these sections, the overlap-Dirac operator is taken because, being a solution to
the Ginsparg–Wilson relation [17], it has a nice property concerning the chiral symme-
try. Weyl fermions on the lattice cannot be defined even classically without this lattice
chiral symmetry [3, 18, 19]. We find that a consistent Majorana decomposition of Weyl
fermions is impossible even a wide class of lattice modifications of the chirality projection
and the charge conjugation matrix is allowed. In section 4, we examine somewhat in detail
a prescription for Majorana-Weyl fermions in the overlap formalism of ref. [12]. In sec-
tion 5, the Majorana decomposition in odd dimensional spaces is considered. We do not
find a successful Majorana decomposition in 1 + 8n dimensions. In section 6, we present
an argument that difficulties of the Majorana and the Majorana-Weyl decompositions in
8n, 1 + 8n and 2 + 8n dimensions have an intrinsic meaning as a reflection of the global
gauge anomaly. Appendix A is for our conventions for gamma matrices. Charge conju-
gation properties of the Wilson-Dirac and the overlap-Dirac operators are summarized in
appendix B. In appendix C, we demonstrate that the Majorana pfaffian defined by the
overlap-Dirac operator in 2 + 8n and 4 + 8n dimensions is a non-negative function of a
gauge-field configuration. The lattice spacing will be denoted by a throughout this paper.
2. Majorana decomposition in even dimensional space
2.1 Majorana decomposition
Here we consider a compatibility between the euclidean Majorana decomposition and the
charge conjugation property of the overlap-Dirac operator (B.5) in even d dimensional
lattice gauge theory. The overlap-Dirac operator satisfies the gamma-hermiticity
D† = γDγ , (2.1)
and the Ginsparg-Wilson relation
γD +Dγ = aDγD . (2.2)
The operator is also local for “admissible” gauge-field configurations [20].
– 4 –
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What we mean by the Majorana decomposition is a decomposition of the action6 of
the Dirac fermion
SF = a
d
∑
x
ψ(x)Dψ(x) , (2.3)
into two independent systems. Imitating the continuum case (1.2), we first set
ψ =
1√
2
(χ+ iη), ψ =
1√
2
(χTB − iηTB) , (2.4)
where B denotes either B1 or B2. For the overlap-Dirac operator D, from eq. (B.6), one
finds7
(B2D)
T = +B2D , for d = 8n , (2.5)
(B1D)
T = −B1D , for d = 2 + 8n , (2.6)
(B2D)
T = −B2D , for d = 4 + 8n . (2.7)
Therefore, for d = 2 + 8n and for d = 4 + 8n, the action is decomposed as
SF = a
d
∑
x
[
1
2
χT (x)BDχ(x) +
1
2
ηT (x)BDη(x)
]
, (2.8)
by using B = B1 and B = B2, respectively. However, for d = 8n, the above simple
prescription for the Majorana decomposition does not work. We recall that the Majorana
decomposition worked in unregularized continuum euclidean theory also for d = 8n, because
(B1γµDµ)
T = −B1γµDµ holds; one can use B1 instead of B2 in these dimensions. For the
overlap-Dirac operator, on the other hand, (B1D)
T 6= −B1D and this is impossible.
For d = 2+ 8n and for d = 4+ 8n, quantum theory of the Majorana fermion can thus
be defined by the functional integral
〈O〉M =
∫ ∏
x
dχ(x)O exp
[
−ad
∑
x
1
2
χT (x)BDχ(x)
]
, (2.9)
in particular, the partition function is given by
〈1〉M =
∫ ∏
x
dχ(x) exp
[
−ad
∑
x
1
2
χT (x)BDχ(x)
]
= Pf(BD) . (2.10)
We emphasize that this construction is “perfect” in a sense that it is given by the functional
integral of a local action and the fermion partition function is a smooth (single-valued)
gauge invariant function of a gauge-field configuration. In appendix C, we show that the
pfaffian (2.10) is moreover non-negative. Since the above provides a perfect definition of
the theory, one can conclude that Majorana fermions in 2 + 8n and 4 + 8n dimensions are
6In this paper, we consider only the kinetic term of fermions. If other terms such as Yukawa couplings
exist, the chiral symmetry for example may give rise to further restrictions [6].
7Throughout this paper, the transpose and the conjugate operations on an operator are defined with
respect to the corresponding kernel in position space.
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free from any pathologies in quantum theory, such as the global gauge anomaly. A special
case d = 4 has been studied in ref. [21]. See also refs. [22, 23]. We note that a similar
analysis as above for the Wilson-Dirac operator (B.2) leads to an identical conclusion;
d = 2 + 8n and d = 4 + 8n cases are possible (besides a potential problem of a positivity
of the pfaffian) but d = 8n are not. In fact, in the context of supersymmetric theories, a
number of numerical simulations for Majorana fermions in 2 and 4 dimensions have been
performed by using the Wilson-Dirac operator [24].
2.2 Impossibility of the Majorana decomposition for d = 8n
In the preceding subsection, we found that the simple Majorana decomposition (2.4) does
not work for d = 8n. Actually, under some assumptions, it can be shown that there is no
possible “lattice modification” of eq. (2.4) which leads to a successful decomposition. To
show this, we set
ψ =
1√
2
(χ+ iη), ψ =
1√
2
(χTB1X − iηTB1X) , (2.11)
where X represents a possible modification of the charge conjugation matrix in lattice
theory, X = 1+O(a). We allow X to depend on the gauge field through the overlap-Dirac
operator
X = x(aD) , (2.12)
where a regular function x takes bounded values for all eigenvalues of the operator aD.
For a classification of the function x, it is convenient to introduce operators
H = γD , (2.13)
and
Γ = γ
(
1− a
2
D
)
= γ − a
2
H . (2.14)
(These H and Γ are hermitean, because of the gamma-hermiticity (2.1).) An important
property of Γ which follows from the Ginsparg-Wilson relation (2.2) is
ΓH +HΓ = 0 . (2.15)
We also define
X˜ = γXγ . (2.16)
Then by noting relations, γ = Γ + aH/2, aD = ΓaH + a2H2/2 and Γ 2 = 1− a2H2/4, the
above assumption (2.12) can equivalently be expressed as
X˜ = h(a2H2) + ΓaHk(a2H2) , (2.17)
where regular functions h and k take bounded values for all eigenvalues of the opera-
tor a2H2.
Now, for the Majorana decomposition (2.11) to work, we have to have (B1XD)
T =
−B1XD or
(B2X˜H)
T = −B2X˜H . (2.18)
– 6 –
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Then by substituting eq. (2.17) into this expression and by using relations, HT = B1HB
−1
1
and Γ T = B1ΓB
−1
1 and eq. (2.15), it is easy to see that
a2H2[h(a2H2) + 2Γ 2k(a2H2)] = 0 , (2.19)
and thus
X˜ = −2γΓk(a2H2) . (2.20)
At this point, we note that the operator Γ always has a mode such that Γϕ = 0 (and
thus aHϕ = ±2ϕ) in the free theory with an infinite lattice volume. For the overlap-Dirac
operator, this may be seen from the explicit form (B.5). This property of Γ can also be
shown on more general grounds by repeating the argument of ref. [7] which invokes the
Nielsen–Ninomiya theorem [25]. This shows that the kinetic term of the Majorana field χ,
χTB1XDχ = χ
TB2X˜Hχ = −2χTB2γΓk(a2H2)Hχ , (2.21)
vanishes for χ = ϕ. This mode ϕ is thus nothing but the species doubler. We conclude
that there is no possible modification X which leads to a successful decomposition while
being free from the species doubling.
Under some assumptions, we have observed that the Majorana decomposition does
not work in 8n dimensional lattice gauge theories. As a possible option, we may define the
partition function of the Majorana fermion by the square-root of the Dirac determinant
〈1〉M =
√
detD . (2.22)
However, this prescription is potentially dangerous in two aspects. First, the locality of
the definition is not obvious. Namely, it is not clear if
√
detD can be expressed as the
functional integral of a certain local (in a sense of lattice theory) action. For a recent
analysis of a similar problem in the square-root prescription for the staggered fermion,
see ref. [26].
Another potential problem is a smoothness (and a single-valued-ness) of the partition
function as a function of a gauge-field configuration. Although detD is a gauge invariant
real number, it is not obvious if the square-root can be defined smoothly everywhere in
the configuration space of lattice gauge fields. There may occur a certain discrepancy
depending on a path in the configuration space along which one defines the square-root.
This phenomenon, if it occurs, is analogous to the global gauge anomaly [15, 16]. In fact,
there is a good reason to believe an occurrence of this phenomenon and we will give an
argument for this in a later section.
3. Majorana-Weyl decomposition in 2 + 8n dimensions
As we have seen in the introduction, in unregularized continuum theory in 2 + 8n dimen-
sions, one can apply the Majorana decomposition on the Weyl fermion to define a system
of Majorana-Weyl fermions. On the lattice, it is not trivial to define even Weyl fermions in
the classical level and this has becomes possible only with recent developments [27, 11, 19],
– 7 –
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[28]–[33]. First we briefly summarize on Weyl fermions defined by using a lattice Dirac
operator which satisfies the Ginsparg–Wilson relation. Then, by using the overlap-Dirac
operator, we show that a further reduction or decomposition of the Weyl fermion into
Majorana-type degrees of freedom exhibits a difficulty.
3.1 Definition of Weyl fermions in lattice gauge theory
In lattice gauge theories, it is possible to impose the Weyl chirality condition in a consistent
way, at least in the classical level, if a Dirac operator D satisfies the Ginsparg–Wilson
relation (2.2) and the gamma-hermiticity (2.1). If this is the case, one can introduce a
modified chiral matrix by [19]
γˆ = γ(1− aD) , γˆ2 = 1 , γˆ† = γˆ , (3.1)
where the last two relations hold due to eqs. (2.2) and (2.1). The chirality projection
operators are then defined by
Pˆ± =
1± γˆ
2
, P± =
1± γ
2
. (3.2)
A crucial property of Pˆ± (which is again a result of the Ginsparg–Wilson relation) is
DPˆ∓ = P±D , (3.3)
and one can consistently impose the chirality constraint
Pˆ−ψ = ψ, ψP+ = ψ , (3.4)
in the action of the Dirac fermion
SF = a
d
∑
x
ψ(x)Dψ(x) . (3.5)
This defines a single left-handed Weyl fermion in the classical level. We emphasize again
that this consistent definition of Weyl degrees of freedom in a lattice action has become
possible only after recent developments. For example, the Wilson-Dirac operator does not
allow such a construction.
3.2 Difficulty of the Majorana-Weyl decomposition
Let us examine a validity of the Majorana decomposition for Weyl fermions by using the
overlap-Dirac operator (B.5). In 2 + 8n dimensions, one has
γˆT = −B2γˆB−12 , Pˆ T± = B2Pˆ∓B−12 . (3.6)
Now, by imitating the continuum case (1.2), we may first try
ψ =
1√
2
(χ+ iη), ψ =
1√
2
(χTB − iηTB) , (3.7)
– 8 –
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where B denotes either B1 or B2. But this definition immediately leads to a trouble
because it does not provide a consistent chirality for χ and for η; projection operators Pˆ−
and P+ are not exchanged under an action of B. Pˆ−χ = χ, for example, does not imply
(χTB)P+ = (χ
TB).
The above definition of the modified chiral matrix (3.1) is not unique. One may
consider, for example, a one-parameter family of modified γ matrices
γ(t) =
γ(1 − taD)√
1− t(1− t)a2D†D, γ
(t) = γγ(1−t)γ . (3.8)
Then relations (γ(t))2 = (γ(t))2 = 1 and Dγ(t) = −γ(t)D hold. By using this kind of
freedom in a definition of chirality projection operators Pˆ− and P+, it could be possible
to avoid the above difficulty. Also the Majorana decomposition could be modified by a
“lattice way” as eq. (2.11). To examine these possibilities, we set
Pˆ− =
1− V
2
, P¯+ =
1 + U
2
, V 2 = U2 = 1 , (3.9)
where operators V and U are hermitean and we impose
Pˆ−ψ = ψ , ψP¯+ = ψ , (3.10)
instead of eq. (3.4). Also we generalize the Majorana decomposition as8
ψ =
1√
2
(χ+ iη) , ψ =
1√
2
(χTB1X − iηTB1X) , (3.11)
where X = 1 +O(a). We assume that U and X have following structures
U = γu(aD) , X = x(aD) , (3.12)
where regular functions u and x take bounded values for all eigenvalues of the operator aD.
We also define
U˜ = γUγ , U˜2 = 1 , X˜ = γXγ . (3.13)
Then by using operators H and Γ in eqs. (2.13) and (2.14), above assumptions (3.12) can
equivalently be expressed as
U˜ = aHf(a2H2) + Γg(a2H2) , X˜ = h(a2H2) + ΓaHk(a2H2) , (3.14)
where regular functions f , g, h and k take bounded values for all eigenvalues of the oper-
ator a2H2.
Now, for the Weyl projection (3.10) to be consistent in the action, we have to have
DPˆ− = P¯+D. This implies
−HV = U˜H . (3.15)
8In this expression, we may start with B2 instead of B1. The following analysis can be repeated for this
case also and a similar conclusion is resulted.
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By substituting eq. (3.14) into this, we find
V = −aHf(a2H2) + Γg(a2H2) , (3.16)
by recalling eq. (2.15). Also, to ensure a consistent chirality for the Majorana field, Pˆ−χ =
χ⇒ (χTB1X)P¯+ = (χTB1X), we must have (note that B1 = γB2 = −B2γ)
−B−12 V TB2X˜ = X˜U˜ . (3.17)
This implies
aH[h(a2H2)f(a2H2)− Γ 2k(a2H2)g(a2H2)] = 0 , (3.18)
by noting HT = −B2HB−12 and Γ T = −B2ΓB−12 in 2 + 8n dimensions. Note that this
relation shows
X˜U˜ = [h(a2H2)g(a2H2) + a2H2k(a2H2)f(a2H2)]Γ . (3.19)
Finally, for the Majorana decomposition to work, we must have (B1XD)
T = −B1XD and
HB−12 X˜
TB2 = X˜H , (3.20)
but this requirement sets no restriction on the functions h and k.
As noted in section 2.2, the operator Γ has a mode such that Γϕ = 0 and aHϕ = ±2ϕ.
Above relations then imply
U˜ϕ = ±2f(4)ϕ , X˜ϕ = h(4)ϕ , f(4)h(4) = 0 , (3.21)
where the last relation follows from eq. (3.19). From these expressions, a trouble becomes
clear: If f(4) = 0, then we cannot set U˜2 = V 2 = 1 on ϕ. Namely, the projection operator
cannot be properly defined. On the other hand, if h(4) = 0, the kinetic term of the
Majorana field, χTB1XDχ = −χTB2X˜Hχ, vanishes for χ = ϕ. This mode ϕ is nothing
but the species doubler. An interesting example in the latter case is the choice, U = γ,
V = γˆ and X = γΓ . It can be seen that this choice fulfills all the above requirements for
a consistent Majorana decomposition, but the kinetic term acquires doubler’s zeros.
Summarizing our analysis so far, we have observed that there is always a conflict
between the Weyl projection of the type (3.10) based on the Ginsparg-Wilson relation and
the modified Majorana decomposition (3.11) in 2 + 8n dimensions.
Going back to the standard choice (3.1), to define the partition function of the Weyl
fermion
〈1〉W =
∫
D[ψ]D[ψ] e−SF , SF = a
d
∑
x
ψ(x)Dψ(x) , (3.22)
one introduces an orthonormal complete set of vectors in the constrained space (3.4),
Pˆ−vj(x) = vj(x) , (vk, vj) = a
d
∑
x
vk(x)
†vj(x) = δkj , (3.23)
vk(x)P+ = vk(x) , (v
†
k, v
†
j) = δkj . (3.24)
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We note
Tr γˆ = Tr γˆT = −TrB2γˆB−12 = −Tr γˆ = 0 , (3.25)
due to the reality of the representation, and Tr Pˆ− = TrP+ = (1/2)Tr 1. Thus indices j,
k in eqs. (3.23) and (3.24) run over from 1 to (1/2)Tr 1 that is a fixed number being
independent of a gauge-field configuration.9 By expanding fermion fields in terms of these
bases
ψ(x) =
∑
j
vj(x)cj , ψ(x) =
∑
k
ckvk(x) , (3.26)
the integration measure is defined by
D[ψ]D[ψ] =
∏
j
dcj
∏
k
dck . (3.27)
Then the partition function (3.22) is given by
〈1〉W = detM, Mkj = ad
∑
x
vk(x)Dvj(x) =
2
a
ad
∑
x
vk(x)vj(x) . (3.28)
In deriving the last expression, we have noted the relation P+DPˆ− = (2/a)P+Pˆ−.
We have observed that the Majorana decomposition of Weyl fermions has a difficulty.
As a possible option, we may define the partition function of Majorana-Weyl fermions by
the square-root of the Weyl determinant
〈1〉MW =
√
detM . (3.29)
However, as the square-root prescription for Majorana fermions (2.22), this prescription
is potentially dangerous; the locality and the smoothness are not obvious. An analysis
of smoothness in the present case is not easy, because detM depends on a choice of the
basis vectors {vj} (3.23). A system of a single Majorana-Weyl fermion is always anomalous
and one has to introduce left- and right-handed Majorana-Weyl fermions to eliminate the
local (perturbative) gauge anomaly in continuum theory. Then one has to examine if it
is possible to choose basis vectors such that detM is gauge invariant. The choice must
also preserve the locality. See refs. [28, 29] for a proper way to formulate the problem. In
a non-perturbative level, such an “ideal” basis has been constructed only for U(1) gauge
theories [28].10 It might be possible to study the present problem of smoothness by using
real representations of SO(2) gauge theories.
If the matrix Mkj in eq. (3.28) is anti-symmetric then the square-root in eq. (3.29)
will be
〈1〉MW = PfM , (3.30)
and the above problem of smoothness is removed. Note again that, however, the matrixM
depends on a choice of basis vectors {vj}. For a generic choice of basis vectors, the ma-
9Since Tr 1 =
∑
x tr 1 and tr 1 = 2
d/2, Tr 1 is always an even positive integer.
10As a recent attempt towards an implementation of this construction in actual numerical simulations,
see ref. [34]. As a completely different kind of approach to lattice chiral gauge theories, see ref. [35].
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trix M is neither anti-symmetric nor real. Again one first has to seek an ideal basis and
study its property before examining if this factorization of the chiral determinant detM
occurs.
It is interesting to note that, in the overlap formalism for real Weyl fermions in 2+8n
dimensions, it has been known that many-body hamiltonians, from which lowest-energy
states in the overlap formalism are defined, are decomposed into two independent sys-
tems [12]. If this fact implies a simple factorization (such as the pfaffian) of the Weyl
determinant, it would provide a way out from above difficulties. We will examine this
possibility in the next section; our conclusion will, however, be negative.
4. Majorana-Weyl fermions based on the overlap formalism
4.1 Brief overview of the overlap formalism
First we briefly recall basics of the overlap formalism. We assume that d = 2 + 8n and
the gauge-group representation is real. In the overlap formalism, the Weyl determinant
is defined as an overlap of two states 〈L−|L+〉, each of the states is the ground state of
many-body hamiltonians H+ and H−, respectively. These H± are defined by
H± = ad
∑
x
a(x)†H±a(x) , (4.1)
where hermitean Wilson-Dirac operators H± are given by
H+ = γ
(
1
a
−DW
)
, H− = γ(−m−DW) . (4.2)
The mass parameter m is taken to be infinity m → +∞ in the final expressions of the
overlap. The creation and annihilation operators obey the anti-commutation relations
{a(x), a(y)†} = a−dδx,y , {a(x), a(y)} = 0 . (4.3)
To find the lowest-energy states |L±〉, we define eigenfunctions of H± with negative eigen-
values:
H±v±j (x) = −λ±j v±j (x) , λ±j > 0 , (v±k , v±j ) = ad
∑
x
v±k (x)
†v±j (x) = δkj . (4.4)
Due to the charge conjugation property of the hermitean Wilson-Dirac operators in 2 +
8n dimensions (see eq. (B.4)), we have
H±B−12 v
±
j (x)
∗ = +λ±j B
−1
2 v
±
j (x)
∗ . (4.5)
Therefore, eigenvalues of H+, for example, always appear in pair as +λ+j and −λ+j . We
assume that H± have no zero modes; otherwise lowest-energy states are not uniquely
defined. Since H± are hermitean, a set of vectors {v+j , B−12 v+∗j } or {v−j , B−12 v−∗j } spans a
complete set. These facts show that, in eq. (4.4), the index j runs from 1 to (1/2)Tr 1.
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Expanding the annihilation operators by using each of complete sets,
a(x) =
Tr(1/2)∑
j=1
[a±j v
±
j (x) + a˜
±
j B
−1
2 v
±
j (x)
∗] , (4.6)
we have
{a±j , a±†k } = {a˜±j , a˜±†k } = δjk , {a±j , a±k } = {a˜±j , a˜±k } = {a±j , a˜±k } = {a±j , a˜±†k } = 0 ,
(4.7)
and
H± =
Tr(1/2)∑
j=1
(−λ±j a±†j a±j + λ±j a˜±†j a˜±j ) . (4.8)
In deriving above expressions, we have noted the fact that v+j and B
−1
2 v
+∗
k for example are
orthogonal, because they give rise to different eigenvalues of the hermitean operator H+.
From this expression of hamiltonians, the lowest-energy states are given by
|L+〉 = a+†1 a+†2 · · · a+†Tr(1/2)|0〉 , |L−〉 = a−†1 a−†2 · · · a−†Tr(1/2)|0〉 . (4.9)
Here it is important to note the fact that the Fock vacuum |0〉 is common to |L+〉 and
to |L−〉 because it is specified by the condition a(x)|0〉 = 0. The overlap of these two states
is thus given by
〈L−|L+〉 = 〈0|a−Tr(1/2) · · · a−2 a−1 a
+†
1 a
+†
2 · · · a+†Tr(1/2)|0〉
= detm, (4.10)
where the matrix m is given by
mkj = a
d
∑
x
v−k (x)
†v+j (x) . (4.11)
Comparing the overlap-Dirac operator (B.5) and the hermitean Wilson-Dirac opera-
tors (4.2), we see that γˆ = H+/
√
(H+)2 and γ = − limm→+∞H−/
√
(H−)2. Therefore
the chirality constraints (3.23) and (3.24) and the conditions for eigenfunctions (4.4) turn
out to be identical; we can thus identify vj = v
+
j and v
†
k = v
−
k . With this identification,
Mkj = (2/a)mkj and the chiral determinants given by eq. (3.28) and by eq. (4.10) are
identical, up to a proportionality constant.
4.2 Overlap formulation of Majorana-Weyl fermions
Now, for 2 + 8n dimensions, the many-body hamiltonians H± enjoy a decomposition into
two mutually independent systems [12]; this is analogous to the Majorana decomposition.
To see this, we define hermitean parts of the creation and annihilation operators by
γ(x) =
1√
2
[
B
1/2
2 a(x) +B
−1/2
2 a(x)
†
]
, δ(x) =
1√
2i
[
B
1/2
2 a(x)−B−1/22 a(x)†
]
. (4.12)
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Here we have introduced matrices B
1/2
2 and B
−1/2
2 as objects such that (B
1/2
2 )
2 = B2,
(B
−1/2
2 )
2 = B−12 and B
1/2
2 B
−1/2
2 = 1. Such matrices are not unique but we can adopt
B
1/2
2 =
1√
2
(1 +B2) , B
−1/2
2 =
1√
2
(1−B2) , (4.13)
because B22 = −1 holds in our representation (see eq. (A.14)). Note that these B1/22
and B
−1/2
2 are symmetric matrices. It is then easy to see that each of γ(x) and δ(x)
generates the Clifford algebra including space indices:
{γ(x), γ(y)} = {δ(x), δ(y)} = a−dδx,y , {γ(x), δ(y)} = 0 . (4.14)
Also, by defining
H±MW = B
1/2
2 H
±B
−1/2
2 , (4.15)
and by noting (H±MW)
T = −H±MW, we have the decomposition
H± = 1
2
ad
∑
x
γ(x)H±MWγ(x) +
1
2
ad
∑
x
δ(x)H±MWδ(x) . (4.16)
Thus the many-body hamiltonians are decomposed into two mutually independent systems.
One would then expect that this decomposition, after applying the overlap formula only to
(say) a system of γ(x), leads to a natural factorization of the overlap formula (4.10) (such
as the pfaffian) for Weyl fermions. However, the real situation is more subtle as we will see
below.
To see what happens clearly, we further expand γ(x) by using eigenfunctions (4.4),
γ(x) = B
1/2
2
Tr(1/2)∑
j=1
[
ξ+j v
+
j (x) + ξ
+†
j B
−1
2 v
+
j (x)
∗
]
= B
1/2
2
Tr(1/2)∑
j=1
[
ξ−j v
−
j (x) + ξ
−†
j B
−1
2 v
−
j (x)
∗
]
. (4.17)
Then we have
{ξ+j , ξ+†k } = δj,k , {ξ+j , ξ+k } = 0 , {ξ−j , ξ−†k } = δj,k , {ξ−j , ξ−k } = 0 , (4.18)
and
H+MW =
1
2
ad
∑
x
γ(x)H+MWγ(x) =
Tr(1/2)∑
j=1
(−λ+j )
(
ξ+†j ξ
+
j −
1
2
)
, (4.19)
H−MW =
1
2
ad
∑
x
γ(x)H−MWγ(x) =
Tr(1/2)∑
j=1
(−λ−j )
(
ξ−†j ξ
−
j −
1
2
)
. (4.20)
From these expressions, the lowest-energy states of these “Majorana-Weyl” hamiltonians
are given by
|L+〉MW = ξ+†1 ξ+†2 · · · ξ+†Tr(1/2)|0〉+, (4.21)
|L−〉MW = ξ−†1 ξ−†2 · · · ξ−†Tr(1/2)|0〉− . (4.22)
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The important point to recognize here is that the Fock vacua, |0〉+ and |0〉−, are generally
different; the former is defined by the condition ξ+j |0〉+ = 0 and the latter is defined
by ξ−j |0〉− = 0. Since ξ+j and ξ−j are related by a non-trivial Bogoliubov transformation
as we will see shortly, a relation between |0〉+ and |0〉− is also non-trivial. This is a
crucial difference from the overlap formula for Weyl fermions. Due to this fact, there
emerge non-polynomial dependences of the Majorana-Weyl overlap MW〈L−|L+〉MW on
eigenfunctions (4.4).
The Bogoliubov transformation is given by
ξ−k =
Tr(1/2)∑
j=1
(mkjξ
+
j + nkjξ
+†
j ) , (4.23)
where
mkj = a
d
∑
x
v−k (x)
†v+j (x) , nkj = a
d
∑
x
v−k (x)
†B−12 v
+
j (x)
∗ . (4.24)
These matrices satisfy
mm† + nn† = 1 , (4.25)
mnT + nmT = 0 , (4.26)
to ensure the identical anti-commutation relations (4.18) for ξ+j and for ξ
−
j . The Bogoliubov
transformation can equally be represented as
ξ−k = e
−G
Tr(1/2)∑
j=1
mkjξ
+
j e
G , G = 1
2
∑
j,k
ξ+†j (m
−1n)jkξ
+†
k , (4.27)
where this construction of G is consistent because the matrix m−1n is anti-symmetric
from eq. (4.26). Two Fock vacua are thus related as
|0〉− = Ce−G|0〉+ , (4.28)
and the normalization constant C is determined by11
1 = |C|2+〈0|e−G†e−G |0〉+
= |C|2+〈0| exp

1
2
∑
j,k
ξ+j (m
−1∗n∗)jkξ
+
k

 exp

−1
2
∑
l,m
ξ+†l (m
−1n)lmξ
+†
m

 |0〉+
= |C|2 det1/2(1−m−1∗n∗m−1n) . (4.30)
11In deriving the last expression, we have used the formula which holds for fermionic creation and anni-
hilation operators,
〈0| exp
(
1
2
aMa
)
exp
(
1
2
a
†Na†
)
|0〉 = det1/2(1 +MN ) . (4.29)
This formula may readily be proven by going to the coherent state representation.
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We next note
det(1−m−1∗n∗m−1n) = det(1 +m−1∗n∗nTm−1T )
= det(1 +m−1nn†m−1†)
= det[m−1(mm† + nn†)m−1†]
= |detm|−2 , (4.31)
where the last equality follows from eq. (4.25). Therefore we have
C = |detm|1/2eiθ , (4.32)
where θ is an unspecified phase which may depend on a gauge-field configuration. The
Majorana-Weyl overlap thus gives rise to
MW〈L−|L+〉MW = −〈0|ξ−Tr(1/2) · · · ξ−2 ξ−1 ξ
+†
1 ξ
+†
2 · · · ξ+†Tr(1/2)|0〉+
= C∗+〈0|e−G†e−GmTr(1/2)jξ+j · · ·m1kξ+k eGξ+†1 ξ+†2 · · · ξ+†Tr(1/2)|0〉+
= C∗ detm+〈0|e−G†e−G |0〉+
= C−1 detm
= |detm|1/2eiϑ, ϑ = arg detm− θ . (4.33)
We have described the calculation somewhat in detail to illustrate how non-polynomial
dependences on the eigenfunctions emerge. The final result can be regarded as
MW〈L−|L+〉MW =
√
detm, (4.34)
where a definition of the square-root amounts to specifying how the phase ϑ changes ac-
cording to a change of gauge fields. This result is certainly ensuring because a square of the
Majorana-Weyl overlap is the Weyl overlap. Nevertheless, the result is not interesting be-
cause the Majorana-Weyl overlap eventually reduces to the square-root prescription (3.29).
The difficulty we faced in the previous section is not removed by the overlap formalism.
5. Odd dimensional cases
5.1 Majorana decomposition
In this section, we consider the Majorana decomposition in odd dimensional spaces. For
1+8n dimensions, as shown in eqs. (B.3) and (B.6), both the Wilson-Dirac operator and the
overlap-Dirac operator have no simple transformation law under the transpose operation.
Hence the Majorana decomposition cannot be applied. Even we cannot study possible
“lattice modifications” of the charge conjugation matrix, due to lack of a definite charge
conjugation property of these lattice Dirac operators.
For 3 + 8n dimensions, the Wilson-Dirac operator has the desired property
(B1DW)
T = −B1DW . (5.1)
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Therefore, the Majorana decomposition can be applied at least for the Wilson-Dirac oper-
ator. Namely
〈1〉M =
∫ ∏
x
dχ(x) exp
[
−ad
∑
x
1
2
χT (x)B1DWχ(x)
]
= Pf(B1DW) . (5.2)
This immediately implies that a quantum theory of Majorana fermions in 3 + 8n dimen-
sions is free from any pathologies. Although this is a “perfect” definition, the pfaffian is
neither positive nor real in general. One way to see this is to recall that the Dirac determi-
nant detDW, being gauge invariant, suffers from the parity anomaly [36, 37].
12 From the
relation
DW(x, y)
† = DW(−x,−y)(U → UP ) , (5.3)
where UP is the parity transformation of gauge fields,
UP (x, µ) = U(−x− aµˆ, µ)−1 , (5.4)
we have
(detDW)
∗ = detDW(U → UP ) . (5.5)
The parity anomaly on the other hand implies
detDW(U
P ) 6= detDW(U) . (5.6)
Therefore, detDW is a complex number. Since the square of the pfaffian Pf(B1DW) is the
Dirac determinant, the pfaffian cannot be a real number in general.
5.2 Comment on a prescription based on the overlap formalism
In ref. [13], following the overlap formalism for Dirac fermions in odd dimensions [38], it was
pointed out that many-body hamiltonians in the overlap formalism enjoy a decomposition
when d = 3 + 8n (and when the gauge-group representation is real). Here, we note that
this decomposition does not imply a factorized form of the Dirac determinant. The overlap
formalism for the Dirac fermion in 3+8n dimensions [38, 10] starts with hermitean Wilson-
Dirac operators in a space with one dimension higher, i.e., H± in 4 + 8n dimensions
H± = γ(±m−DW) , (5.7)
but with a “dimensional reduction” to 3 + 8n dimensions. Here the dimensional reduction
means that the summation over µ in the Wilson-Dirac operator runs from µ = 0 to µ =
2 + 8n only:
DW =
1
2
2+8n∑
µ=0
[γµ(∇∗µ +∇µ)− a∇∗µ∇µ] . (5.8)
12We regard the parity anomaly as a property of the theory rather than a pathology. H.S. would like to
thank Martin Lu¨scher for an enlightening discussion on this point.
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This operator does not contain gauge fields along the µ = 3+8n direction although gamma
matrices are those for 4+8n dimensions. The many-body hamiltonians are then defined by
H± = ad
∑
x
a(x)†H±a(x) , (5.9)
where the position x runs over a 3 + 8n (odd) dimensional lattice. After applying the
overlap prescription, this setup defines the Dirac fermion in 3 + 8n dimensions.
To see that above many-body hamiltonians are decomposed into two independent
systems, we define the matrix B3 (note that gamma matrices are those of 4+8n dimensions)
by
B3 = B1γ3+8n , B
T
3 = +B3, B
2
3 = −1 . (5.10)
Due to the fact that µ = 3 + 8n is omitted in the Wilson-Dirac operator (5.8), one has
(H±)T = −B3H±B−13 . (5.11)
Therefore, by defining
B
1/2
3 =
1√
2
(1 +B3) , B
−1/2
3 =
1√
2
(1−B3) , (5.12)
and
H±M = B
1/2
3 H
±B
−1/2
3 , (5.13)
one has (H±M)
T = −H±M. Finally, by setting
γ(x) =
1√
2
[B
1/2
3 a(x) +B
−1/2
3 a(x)
†] , δ(x) =
1√
2i
[B
1/2
3 a(x)−B−1/23 a(x)†] , (5.14)
one has a decomposition of many-body hamiltonians
H± = 1
2
ad
∑
x
γ(x)H±Mγ(x) +
1
2
ad
∑
x
δ(x)H±Mδ(x) . (5.15)
One clearly sees a similarity of expressions to those of section 4.2 with the replacement B2 →
B3. In particular, since the operators γ(x) and δ(x) obey anti-commutation relations
identical to eq. (4.14), we have the same conclusion as section 4.2. An application of the
overlap prescription to a system of γ(x) reduces to the square-root prescription; this time,
it is the square-root of the Dirac determinant defined by the overlap formalism.
For 1+8n dimensions, we found that the Majorana decomposition does not work with
either use of the Wilson-Dirac and the overlap-Dirac operators. For these dimensions, we
may try a use of the overlap formalism. For d = 1 + 8n, one starts with the hermitean
Wilson operator H± = γ(±m − DW) in 2 + 8n dimensions, but with the dimensional
reduction in the µ = 1 + 8n direction:
DW =
1
2
8n∑
µ=0
[γµ(∇∗µ +∇µ)− a∇∗µ∇µ] . (5.16)
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Since the gamma matrices are those of 2 + 8n dimensions, all algebraic relations in sec-
tion 4.2 hold as they stand. This is expected because, after the dimensional reduction,
Majorana-Weyl fermions in 2+8n dimensions become Majorana fermions in 1+8n dimen-
sions. In particular, defining
H±M = B
1/2
2 H
±B
−1/2
2 , (5.17)
and using eq. (4.12), we have a decomposition
H± = 1
2
ad
∑
x
γ(x)H±Mγ(x) +
1
2
ad
∑
x
δ(x)H±Mδ(x) . (5.18)
Again an application of the overlap formalism to a system of γ(x) will reduce to the square-
root prescription and this setup does not remove a difficulty of the Majorana decomposition
in 1 + 8n dimensions.
6. Physical meaning of difficulties in 8n, 1 + 8n and 2 + 8n dimensions
Let us go back to table 1 in section 1 in which results of our analysis are summarized.
Entries with the cross × in this table are those for which we found difficulties. In what
follows, we give an argument that these difficulties have an intrinsic physical meaning.
Let us start our discussion by recalling following facts. In d dimensional Minkowski
spacetime, when d = 0, 4 mod 8, the Majorana fermion and the Weyl fermion in a real
representation are equivalent. This means that one can convert the Majorana fermion into
the real Weyl fermion by multiplying the projection operator (1 − γ)/2. This operation
is invertible because one can reproduce the original Majorana fermion by further multi-
plying 1 + C, where C is the charge conjugation operation. For this, relations C2 = 1
and {C, γ} = 0 (the charge conjugation flips the chirality) holding in these dimensions are
crucial. Similarly, one can convert the real Weyl fermion into the Majorana fermion by
multiplying 1 + C; this operation is again invertible. As expected from this equivalence,
Weyl fermions in a real representation are free from the local gauge anomaly in 8n and
4 + 8n dimensions.
Now in 4+ 8n dimensions, this equivalence between real Weyl fermions and Majorana
fermions holds in euclidean lattice gauge theory. Furthermore, these fermions are free from
any pathologies even in a non-perturbative level (this is consistent with the fact that there
is no global gauge anomaly for real representations in 4+8n dimensions [39]). These facts
can be shown by repeating the argument of ref. [21].
How is the situation in 8n dimensions? It is natural to expect that any sensible
non-perturbative formulation preserves the above equivalence between Majorana and real
Weyl, because it is a basic property of the target theory. Then we find a trouble. In
8n dimensions, it has been known that Weyl fermions in a real representation generally
exhibit the global gauge anomaly (pseudo-real representations, on the other hand, are free
from the global gauge anomaly [39]). For example, in 8 dimensions, the Weyl fermion
belonging to the 20’ representation of the gauge-group SU(4) exhibits the global gauge
anomaly (pi8[SU(4)] = Z4!). Similarly, in 16 dimensions, the Weyl fermion in the 70
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representation of SU(8) is anomalous (pi16[SU(8)] = Z8!) [40]. So if it was possible to obtain
a simple formulation of the Majorana fermion in 8n dimensions such as eq. (2.10) (note
that this formulation does not refer to a particular real representation), then either the
equivalence with real Weyl fermions is lost or the global gauge anomaly is not reproduced.
From this argument, we regard a difficulty of the Majorana decomposition in 8n dimensions
is a reflection of the global gauge anomaly.
Next, we consider d = 1+8n cases. We note that the Majorana fermion in 1+8n dimen-
sions, after the dimensional reduction, becomes the Majorana fermion in 8n dimensions.
This is expected even on the lattice; if it is possible to construct a lattice action for the
Majorana fermion in 1 + 8n dimensions, then the dimensional reduction explained in sec-
tion 5.2 will provide a lattice action of the Majorana fermion in 8n dimensions. However,
we argued above that such a simple action of the Majorana fermion in 8n dimensions is
quite unlikely. So, d = 1+ 8n cases are also expected to be difficult. Similarly, the dimen-
sional reduction of the Majorana-Weyl fermion in 2 + 8n dimensions will give rise to the
Majorana fermion in 1 + 8n dimensions. So again we expect a difficulty.13
In this way, through a ladder of dimensional reductions, three cases, the Majorana-
Weyl fermion in 2 + 8n dimensions, the Majorana fermion in 1 + 8n dimensions and the
Majorana fermion in 8n dimensions, are related. Then by assuming an equivalence of
the Majorana fermion and the Weyl fermion in a real representation in 8n dimensions,
difficulties we found in this paper are related to the global gauge anomaly. This argument
indicates that a lattice formulation of these fermions is extremely difficult to find. Since
the gaugino field of the N = 1 super Yang-Mills theory in these dimensions is precisely
represented by these fermions,14 our argument suggests also that a lattice formulation of
the N = 1 super Yang-Mills theory in these dimensions is extremely difficult to find for this
reason (besides other well-known reasons for supersymmetric theories on the lattice).15
Finally, here is a list of further study. It will be possible to generalize the argument
of ref. [42] to 8n dimensions and study the global gauge anomaly of real Weyl fermions in
these dimensions. (For pseudo-real Weyl fermions, an argument similar to that of ref. [21]
will be applied.) It will also be interesting to investigate a possible non-perturbative pathol-
ogy of Majorana fermions in 8n and 1 + 8n dimensions by using lattice gauge theory, al-
though we do not know of any pathologies in the latter odd dimensions in continuum the-
ory.16 An analysis of Majorana-Weyl fermions in 2+8n dimensions will be difficult because
a reality of the gauge-group representation does not imply an absence of the local gauge
13It is possible that Majorana-Weyl fermions in 2+8n dimensions themselves suffer from the global gauge
anomaly, although we do not know of an example. Real Weyl fermions in 2 + 8n dimensions are known to
be free from the global gauge anomaly, when being free from the local gauge anomaly [41].
14Here, we define a number of supercharges N by taking the smallest irreducible spinor representation as
a unit. In this convention, the supercharge of the N = 1 super Yang-Mills theory in 2 + 8n dimensions is a
single Majorana-Weyl fermion.
15A possible way out for the N = 1 super Yang-Mills theory in 8n dimensions is to formulate the gaugino
field as the lattice Weyl fermion. For this case, however, the transformation parameter of the supersymmetry
transformation will be a subject of the constraint (3.4) that depends on the gauge field.
16It is interesting to note that the Majorana fermion in 1 + 8n dimensions suffers from the global gravi-
tational anomaly [43].
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anomaly. It might also be possible to establish a no-go theorem for lattice Majorana and
Majorana-Weyl fermions in these dimensions, that is analogous to the Nielsen–Ninomiya
theorem [25].17 We hope to come back some of these problems in the near future.
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A. Representation of the Clifford algebra in d dimensional euclidean space
Here we summarize our conventions for gamma matrices. Our gamma matrices are hermi-
tiean and satisfy the Clifford algebra
{γµ, γν} = 2δµν , µ, ν = 0, 1, . . . , d− 1 . (A.1)
We start with cases of even (d = 2k) dimensional space. In even dimensions, the chiral
matrix can be defined by
γ = i−kγ0γ1 · · · γ2k−1 , (A.2)
such that
{γ, γµ} = 0, γ† = γ , γ2 = 1 . (A.3)
Since ±γ∗µ obey the Clifford algebra identical to eq. (A.1), γµ and ±γ∗µ are related by
similarity transformations
B1γµB
−1
1 = (−1)kγ∗µ = (−1)kγTµ , B2γµB−12 = (−1)k+1γ∗µ = (−1)k+1γTµ . (A.4)
One can choose the phase of these matrices such that
B−11 = B
†
1 , B
−1
2 = B
†
2 . (A.5)
These B1 and B2 are referred to as charge conjugation matrices in this paper. Note that
B1γB
−1
1 = B2γB
−1
2 = (−1)kγ∗ = (−1)kγT . (A.6)
17In this respect, it is instructive to see what happens if one adopts the action
S =
∫
ddx
1
2
χ
T (x)B1DWχ(x) , (6.1)
for d = 8n or d = 1 + 8n, despite the fact that (B1DW)
T 6= −B1DW. In this case, one has
S =
∫
ddx
1
4
χ
T (x)[B1DW − (B1DW)
T ]χ(x)
=
∫
ddx
1
4
χ
T (x)B1γµ(∇µ +∇
∗
µ)χ(x) , (6.2)
and the species doubling occurs. A similar conclusion is obtained for the overlap-Dirac operator.
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We adopt a representation of gamma matrices such that18
γ0, γ2, . . . , γ2k−2 : real ,
γ1, γ3, . . . , γ2k−1 : purely imaginary . (A.9)
In this representation, the chiral matrix is real, γ∗ = γT = γ. Charge conjugation matrices
in our representation are then given by
B1 = γ1γ3 . . . γ2k−1 , B2 = γB1 . (A.10)
With a help of these explicit forms, we find
BT1 = (−1)k(k+1)/2B1 , BT2 = (−1)k(k−1)/2B2 , (A.11)
B∗1B1 = (−1)k(k+1)/2 , B∗2B2 = (−1)k(k−1)/2 , (A.12)
but actually these relations hold irrespective of the representation.19 As relations particu-
larly hold in our representation, we have
B∗1 = (−1)kB1 , B∗2 = (−1)kB2 , (A.13)
B21 = (−1)k(k−1)/2 , B22 = (−1)k(k+1)/2 . (A.14)
For odd (d = 2k + 1) dimensional space, gamma matrices are obtained from those of
2k dimensions by
γµ , µ = 0, 1, . . . , 2k − 1 γ2k = γ . (A.15)
From eqs. (A.4) and (A.6), one sees that only B1 is the charge conjugation matrix such
that
B1γµB
−1
1 = (−1)kγ∗µ = (−1)kγTµ , µ = 0, 1, . . . , 2k . (A.16)
B. Charge conjugation properties of lattice Dirac operators
The lattice covariant differences are defined by
∇µψ(x) = 1
a
{R[U(x, µ)]ψ(x + aµˆ)− ψ(x)} ,
∇∗µψ(x) =
1
a
{ψ(x)−R[U(x− aµˆ, µ)]−1ψ(x− aµˆ)} , (B.1)
18For example, we can take
γ0 = σ1 ⊗ σ3 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ3 , γ1 = σ2 ⊗ σ3 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ3 ,
γ2 = 1⊗ σ1 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ3 , γ3 = 1⊗ σ2 ⊗ σ3 ⊗ · · · ⊗ σ3 ⊗ σ3 ,
...
γ2k−2 = 1⊗ 1⊗ 1⊗ · · · ⊗ 1⊗ σ1 , γ2k−1 = 1⊗ 1⊗ 1⊗ · · · ⊗ 1⊗ σ2 , (A.7)
and
γ = σ3 ⊗ · · · ⊗ σ3 . (A.8)
19Under a change of the representation, γµ → U
−1γµU , where U is a unitary matrix, a charge conjugation
matrix B changes as B → UTBU .
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where U(x, µ) denotes a link variable and R is the gauge-group representation to which
the fermion belongs; µˆ is the unit vector in the direction µ. We assume that R is a real
representation in what follows. The Wilson-Dirac operator is defined by
DW =
1
2
[γµ(∇∗µ +∇µ)− a∇∗µ∇µ] . (B.2)
From the relation ∇Tµ = −∇∗µ and formulas in appendix A, we find
DTW =


B2DWB
−1
2 , B
T
2 = +B2 , for d = 8n,
no simple relation for d = 1 + 8n,
B1DWB
−1
1 , B
T
1 = −B1 , for d = 2 + 8n,
B1DWB
−1
1 , B
T
1 = −B1 , for d = 3 + 8n,
B2DWB
−1
2 , B
T
2 = −B2 , for d = 4 + 8n,
(B.3)
and
D∗W =


B1DWB
−1
1 , B
T
1 = +B1 , for d = 8n,
B1DWB
−1
1 , B
T
1 = +B1 , for d = 1 + 8n,
B2DWB
−1
2 , B
T
2 = +B2 , for d = 2 + 8n,
no simple relation , for d = 3 + 8n,
B1DWB
−1
1 , B
T
1 = −B1, for d = 4 + 8n.
(B.4)
The overlap-Dirac operator is defined by
D =
1
a
[1−A(A†A)−1/2] , A = 1
a
−DW , (B.5)
from the Wilson-Dirac operator DW. For this operator, we have
DT =


B2DB
−1
2 , B
T
2 = +B2 , for d = 8n,
no simple relation for d = 1 + 8n,
B1DB
−1
1 , B
T
1 = −B1 , for d = 2 + 8n,
no simple relation for d = 3 + 8n,
B2DB
−1
2 , B
T
2 = −B2, for d = 4 + 8n.
(B.6)
C. Positivity of the Majorana pfaffian in 2 + 8n and 4 + 8n dimensions
In this appendix, we demonstrate that the pfaffian (2.10) for d = 2+8n and for d = 4+8n
is a non-negative function of a gauge-field configuration, up to a proportionality constant.
To show this, we use the eigenfunctions of the hermitean operator H (2.13):
Hϕn(x) = λnϕn(x) , (ϕm, ϕn) = δm,n . (C.1)
Also we recall the lattice index theorem [3]
TrΓ = n+ − n− , (C.2)
where the operator Γ is defined by eq. (2.14); n+ and n− denote a number of zero modes of
positive and negative chiralities, respectively. This relation can be shown by noting that the
mode Γϕn is orthogonal to ϕn for λn 6= 0, because it has an opposite-sign eigenvalue −λn
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due to eq. (2.15). One can also show the chirality sum-rule [44]
Tr γ = n+ − n− +N+ −N− = 0 , (C.3)
where N+ and N− denote a number of modes such that Hϕn = +(2/a)ϕn and Hϕn =
−(2/a)ϕn, respectively.
We start with the case of d = 2+ 8n. First we note that for d = 2+ 8n, the transpose
of Γ is given by Γ T = −B2ΓB−12 and the index vanishes
n+ − n− = TrΓ = −TrΓ = 0 . (C.4)
The Dirac fermion in a real representation is thus insensitive to a difference of topological
sectors; all possible zero modes are not topological but accidental. Having this fact in
mind, we evaluate the functional integral
〈1〉M =
∫ ∏
x
dχ(x) exp
[
−ad
∑
x
1
2
χT (x)B1Dχ(x)
]
, (C.5)
by expanding the field χ(x) by a complete system of functions. We first take eigenfunc-
tions ϕn in eq. (C.1) with positive eigenvalues λn > 0 only. From these functions, we can
construct eigenfunctions with negative eigenvalues by B−12 ϕ
∗
n,
HB−12 ϕ
∗
n(x) = −λnB−12 ϕ∗n(x) , λn > 0 . (C.6)
Since B∗2B2 = 1, {ϕn, B−12 ϕ∗n} form a complete system. We thus expand the field in terms
of these eigenfunctions
χ(x) =
∑
λn>0
[ϕn(x)cn +B
−1
2 ϕ
∗
n(x)bn] . (C.7)
Then by noting B1D = −B2H and (ϕm, B−12 ϕ∗n) = 0, the action becomes
−ad
∑
x
1
2
χT (x)B1Dχ(x) =
∑
λn>0
λnbncn . (C.8)
For the integration measure, we have
∏
x dχ(x) = det
−1 U
∏(1/2) Tr 1
n=1 dcn
∏(1/2) Tr 1
n=1 dbn un-
der the change of variables, where the matrix U is defined by
Ux,n = [ϕn(x), B
−1
2 ϕ
∗
n(x)] . (C.9)
For this matrix, one has the relation
∑
x,l
UTm,xB2Ux,l
[
0 δl,n
δl,n 0
]
=
[
δm,n 0
0 δm,n
]
, (C.10)
from the orthonormality of ϕn and thus
det−2 U = (−1)[(1/2) Tr 1]2 detB2 . (C.11)
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In this way, we have
〈1〉M = ±eiα/2
∏
λn>0
λn , e
iα = (−1)[(1/2) Tr 1]2 detB2 . (C.12)
The over-all ± sign in eq. (C.12) has to be chosen such that 〈1〉M changes smoothly when
a certain eigenvalue crosses zero (otherwise there may be a cusp; recall that eigenvalues
come in pair as λn and −λn), because we know that 〈1〉M = Pf(B1D) is definitely a smooth
function of a gauge-field configuration.
Fortunately, it turns out that this artificial sign flip is not necessary.20 To see this, we
note the fact that eigenvalues λn 6= 2/a have a double degeneracy (this follows from a good
chiral property of the overlap-Dirac operator). Namely, the mode
φn(x) =
1√
1− a2λ2n/4
ΓB−12 ϕ
∗
n(x) , (C.13)
has an identical eigenvalue λn to ϕn. This mode φn is linearly independent from ϕn because
(ϕn, φn) = 0 holds due to (ΓB
−1
2 )
T = −ΓB−12 . From this fact, we have
〈1〉M = eiα/2(2/a)N+
∏
0<λn 6=2/a
λ2n , (C.14)
where we have taken the + sign in eq. (C.12) for all gauge-field configurations, because
then the expression becomes a smooth function. The product
∏
λn
in this expression is
understood to be omitting the above double degeneracy, i.e., one factor λ2n for each pair
of ϕn and φn. This expression proves that 〈1〉M is, up to a proportionality constant, a
non-negative function of a gauge-field configuration.
Next, we consider the case of d = 4 + 8n. The following analysis is basically identical
to that of ref. [21]. For this case, the index n+ − n− does not vanish in general and there
may exist topological zero modes. To avoid a complication associated to these zero modes,
it is convenient to introduce a mass term [21]. Thus, we consider
〈1〉M =
∫ ∏
x
dχ(x) exp
{
−ad
∑
x
[
1
2
χT (x)B2Dχ(x) +
1
2
imχT (x)B1χ(x)
]}
. (C.15)
For the present case, we use all the eigenfunctions ϕn in eq. (C.1) to expand the field.
However, there is a double degeneracy, namely, the mode
φn(x) = B
−1
1 ϕ
∗
n(x) , (C.16)
has the eigenvalue identical to that of the mode ϕn. This is linearly independent from ϕn,
because (ϕn, φn) = 0 holds (note B
T
1 = −B1). In particular, n± and N± are even numbers.
Noting these facts, we expand the field as
χ(x) =
∑
λn
[ϕn(x)cn +B
−1
1 ϕ
∗
n(x)bn] . (C.17)
20This is not the case for the Wilson-Dirac operator. One has to flip the ± sign in eq. (C.12) at each
time when an eigenvalue crosses zero. As the result, the pfaffian is not necessarily non-negative.
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Then by using B2D = B1H, the action becomes
−ad
∑
x
[
1
2
χT (x)B2Dχ(x) +
1
2
imχT (x)B1χ(x)
]
=
∑
λn
(λn + im)bncn . (C.18)
For the integration measure, we have
∏
x dχ(x) = det
−1 V
∏(1/2) Tr 1
n=1 dcn
∏(1/2) Tr 1
n=1 dbn,
where the matrix V is defined by
Vx,n = [ϕn(x), B
−1
1 ϕ
∗
n(x)] , (C.19)
and, corresponding to eq. (C.10),∑
x,l
V Tm,xB1Vx,l
[
0 −δl,n
δl,n 0
]
=
[
δm,n 0
0 δm,n
]
, (C.20)
and
det−2 V = (−1)[(1/2) Tr 1]2(−1)(1/2) Tr 1 detB2 . (C.21)
After the integration over cn and bn, we thus have
〈1〉M = ±eiβ/2(−1)(1/4) Tr 1
∏
λn
(λn + im) , e
iβ = (−1)[(1/2) Tr 1]2 detB1 , (C.22)
where the product
∏
λn
is understood to be omitting the double degeneracy, i.e., one
factor λn + im for each pair of ϕn and φn. At this point, we further note that eigenvalues
λn 6= 0 and λn 6= ±2/a appear in pair as λn and −λn, because
1√
1− a2λ2n/4
Γϕn(x) , (C.23)
has the eigenvalue −λn. From these facts, we have
〈1〉M = eiβ/2(−1)(1/4) Tr 1(im)(n++n−)/2(2/a + im)N+/2(−2/a+ im)N−/2 ×
×
∏
0<λn 6=2/a
(−λn + im)(λn + im) , (C.24)
where we have taken the + sign in eq. (C.22) for all configurations, because then the
expression becomes a smooth function. Then from a counting of a number of eigenfunctions,
one finds that a number of terms in the last product is (Tr 1 − N+ − N− − n+ − n−)/4.
Therefore, we finally have
〈1〉M = eiβ/2(−1)(n+−n−)/4(2/a− im)(n+−n−)/2 ×
×m(n++n−)/2(4/a2 +m2)N+/2
∏
0<λn 6=2/a
(λ2n +m
2) , (C.25)
where a use of the chirality sum-rule (C.3) has been made. It is interesting to note that the
prefactor (−1)(n+−n−)/4(2/a−im)(n+−n−)/2 in this expression depends only on a topological
sector concerned through the index n+ − n−. Assuming that there is no zero modes, this
expression reduces to
〈1〉M = eiβ/2(2/a)N+
∏
0<λn 6=2/a
λ2n , (C.26)
in the massless limit. This proves that the pfaffian is, up to a proportionality constant, a
non-negative function of a gauge-field configuration.
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